The study of fibrations of the target manifolds of string/M/F-theories has provided many insights to the dualities among these theories or even as a tool to build up dualities since the work of Strominger, Yau, and Zaslow on the Calabi-Yau case. For M-theory compactified on a Joyce manifold M 7 , the fact that M 7 is constructed via a generalized Kummer construction on a 7-torus T 7 with a torsion-free G 2 -structure ϕ suggests that there are natural fibrations of M 7 by T 3 , T 4 , and K3 surfaces in a way governed by ϕ. The local picture of some of these fibrations and their roles in dualities between string/M-theory have been studied intensively in the work of Acharya. In this present work, we explain how one can understand their global and topological details in terms of bundles over orbifolds. After the essential background is provided in Sec. 1, we give general discussions in Sec. 2 about these fibrations, their generic and exceptional fibers, their monodromy, and the base orbifolds. Based on these, one obtains a 5-step-routine to understand the fibrations, which we illustrate by examples in Sec. 3. In Sec. 4, we turn to another kind of fibrations for Joyce manifolds, namely the fibrations by the Calabi-Yau threefolds constructed by Borcea and Voisin. All these fibrations arise freely and naturally from the work of Joyce. Understanding how the global structure of these fibrations may play roles in string/M-theory duality is one of the major issues for further pursuit.
Essential mathematical background for physicists.
By definition, such Q is unique. The fundamental group π orb 1 (Q) of an orbifold Q is then defined to be the group of deck transformations of its universal covering orbifold Q.
The following example will be important to us: Example 1. 2 [toroidal orbifold] . Let T n = R n / Λ be an Euclidean n-torus determined by a lattice Λ in R n and Q be an n-orbifold obtained by the quotient of T n by a discrete group Γ of isometries. Then the universal covering orbifold of Q is the same as the universal covering space of T n , which is R n . Let Γ be a lifting of the Γ-action on T n to R n . Then π orb 1 (Q) = Γ, Λ , the group of isometries on R n generated by Γ and the translation group determined by Λ.
In the above example, let φ be the universal covering map, which is the composition R n → T n → Q. Then Γ, Λ acts on φ −1 (Q − Σ Q ) freely. Hence, if * ∈ Q − Σ Q is a base point for Q and * ∈ φ −1 ( * ) is a base point for R n , then, for each y in the orbit of * , there is a unique deck transformation g ∈ Γ, Λ that sends * to y. Let γ be a path from * to y, then its projection γ = φ( γ) is a loop at * in Q that represents g ∈ π orb 1 (Q). In terms of homotopy classes of loops at * , one has a tautological group homomorphism τ : π 1 (Q − Σ Q ) → π orb 1 (Q). (Cf. Figure 2 -1.)
Joyce manifolds ( [Jo1] ).
Consider the standard oriented Euclidean space R 7 and the 3-form ϕ 0 = e 1 ∧ e 2 ∧ e 7 + e 1 ∧ e 3 ∧ e 6 + e 1 ∧ e 4 ∧ e 5 + e 2 ∧ e 3 ∧ e 5 − e 2 ∧ e 4 ∧ e 6 + e 3 ∧ e 4 ∧ e 7 + e 5 ∧ e 6 ∧ e 7 .
The group of orientation-preserving linear isomorphisms that preserves ϕ 0 is the exceptional group G 2 and lies in SO (7). The same holds also for its Hodge dual * ϕ 0 = e 1 ∧ e 2 ∧ e 3 ∧ e 4 + e 1 ∧ e 2 ∧ e 5 ∧ e 6 − e 1 ∧ e 3 ∧ e 5 ∧ e 7 + e 1 ∧ e 4 ∧ e 6 ∧ e 7 + e 2 ∧ e 3 ∧ e 6 ∧ e 7 + e 2 ∧ e 4 ∧ e 5 ∧ e 7 + e 3 ∧ e 4 ∧ e 5 ∧ e 6 .
Thus a 3-form ϕ on an oriented 7-manifold M 7 that is pointwise oriented-isomorphic to ϕ 0 determines a G 2 -structure and, via which, a Riemannian metric g ϕ on M 7 . When ϕ is torsion-free, the holonomy of g ϕ is contained in G 2 , which implies that g ϕ is Ricci-flat. This feature singles out the role in string theory of closed 7-manifolds with torsion-free G 2 -structures. In [Jo1] , Joyce has constructed numerous such examples from desingularizations of the following two kinds of toroidal orbifolds from the standard (R 7 , ϕ 0 ) above:
Class (1) : The quotient T 7 / Γ , where T 7 = R 7 / Z 7 with coordinates (x 1 , · · · , x 7 ), where x i ∈ R/ Z , and Γ is the group Z 2 ⊕ Z 2 ⊕ Z 2 , generated by α(x 1 , · · · , x 7 ) = (−x 1 , −x 2 , −x 3 , −x 4 , x 5 , x 6 , x 7 ) , β(x 1 , · · · , x 7 ) = (b 1 − x 1 , b 2 − x 2 , x 3 , x 4 , −x 5 , −x 6 , x 7 ) , γ(x 1 , · · · , x 7 ) = (c 1 − x 1 , x 2 , c 3 − x 3 , x 4 , c 5 − x 5 , x 6 , −x 7 ) , where b 1 , b 2 , c 1 , c 3 , and c 5 are some constants in {0, 1 2 }. Class (2) :
The quotient (C 3 × R)/ Γ, Λ , where C 3 × R is parametrized by (z 1 , z 2 , z 3 , x), Γ is the dihedral group D a of 2a elements, generated by α(z 1 , z 2 , z 3 , x) = (uz 1 , vz 2 , uvz 3 , x + 1 a ) , β(z 1 , z 2 , z 3 , x) = (−z 1 , −z 2 , −z 3 , −x) with u, v being unit complex numbers and a being the smallest positive integer such that u a = v a = 1, and Λ is a lattice in C 3 × R invariant under Γ.
Let W 7 be a such quotient. Then its singular set S arises from the collection of all the fixed 3-tori T 3 of some element in Γ. We require that the constants that appear in the of closed Riemannian 7-manifolds with holonomy G 2 . They are called Joyce manifolds.
For convenience, we shall call those from quotients in Class (1) Joyce manifolds of the first kind, with notation J(b 1 , b 2 , c 1 , c 3 , c 5 ), and those from quotients in Class (2) Joyce manifolds of the second kind, with notation J(u, v, Λ).
Borcea-Voisin threefolds ( [Bo] , [G-W] , [Ni] , [Vo] ).
Let X be a K3 surface with an involution ι that acts by (−1) on the holomorphic 2-form of X. Let Σ be the set of fixed points of ι. Then ( [Ni] ) Σ is a disjoint union of smooth curves in X as classified below:
(1) Σ is empty;.
(2) Σ = C 1 ∪ C ′ 1 , where C 1 and C ′ 1 are both elliptic curves; (3) Σ = C g + E 1 + · · · + E k . where C g is a curve of genus g and E i are rational curves.
In all cases, the quotient X/ ι is a smooth surface. Let E be an elliptic curve, and j be the involution on E acting by negation. The set S 0 of fixed-points of (ι, j) on X × E consists of four disjoint copies of Σ. and the quotient (X × E)/ (ι, j) has A 1 -singularities along S 0 . Simultaneous blowup along the transverse directions to S 0 resovles these singularities and the result is a smooth Calabi-Yau threefold Y . Such Calabi-Yau manifolds and their mirror symmetry are considered first in the work of Borcea [Bo] and Voisin [Vo] and we shall call them Borcea-Voisin threefolds. Let n be the number of components of Σ and n ′ be the sum of the genus of all these components. Then the Hodge numbers of a Borcea-Voisin threefold Y are determined by ( [Bo] and [Vo] )
Such Calabi-Yau threefolds could admit K3-and special Lagrangian T 3 -fibrations:
• K3-fibration : By construction, one has the natural K3-fibration π from (X ×E)/ (ι, j) onto E/ j , which is an S 2 (2222)-orbifold (cf. Remark 2.1.4 in Sec. 2.1). The fixedpoint set S 0 is contained in the exceptional fibers of π with one Σ in each such fiber. Hence, when resloving the singularities of E/ j along S 0 to obtain Y , the K3-fibration π is lifted to a K3-fibration π from Y onto the same base E/ j . The exceptional fiber over an orbifold point now becomes X/ ι ∪ V , where V = Σ × CP 1 intersects X/ ι transversely at the Σ from S 0 .
•
If X has an elliptic fibration invariant under ι with generic fiber a special Lagrangian submanifold with respect to the Kähler form on X, then one can choose a T 1 -fibration of E and combine these into a special Lagrangian T 3 -fibration for Y . The base of this fibration is a 3-orbifold Q whose underlying topology is S 3 with the singular locus Σ Q , which corresponds to the set of critical values of the fibration, as indicated in Figure 1 -1.
With these preparations, let us now turn to the themes of this paper. . The numbers l and m are determined by (X, ι); up to this and a homeomorphism of S 3 , the picture is exact.
2 Fibrations of Joyce manifolds from decompositions of R 7 governed by the G 2 -structure ϕ 0 .
We discuss in Sec. 2.1 how some natural fibrations for a Joyce manifold can arise from (R 7 , ϕ 0 ) and discuss how they can be understood in terms of a bundle π : T 7 / Γ → Q over an orbifold Q. In Sec. 2.2 the effect to π after resolving the singular set S of T 7 / Γ is studied and, hence, one completes the picture. [Ha] , [Jo1] , and [McL] ) is the starting point of all the fibrations to be discussed in this paper.
Fibrations in terms of bundles over orbifolds.

The following definitions from [H-L] (also
Definition 2.1.1 [calibration, (co)associative submanifold]. A calibration on a Riemannian manifold M is a closed k-form ω whose restriction to any tangent k-plane to M is less than or equal to the volume of the k-plane. A calibrated submanifold of (M, ω) is a k-dimensional submanifold N in M such that ω| N is equal to the volume-form of the induced metric on N . Let M 7 be a 7-manifold with torsion-free G 2 -structure ϕ. Then both ϕ and * ϕ are calibrations on M 7 . An associative submanifold of M 7 is a calibrated submanifold of (M 7 , ϕ) and a coassociative submanifold of M 7 is a calibrated submanifold of (M 7 , * ϕ).
These definitions generalize automatically to orbifolds and their sub-orbifolds by considering the complement of their singular loci.
How the fibrations arise.
Consider R 7 with the standard metric and the torsion-free G 2 -structure ϕ 0 in Sec. 1.
From the explicit expression of ϕ 0 , one has the following associative-coassociative product decompositions of (R 7 , ϕ 0 ): ijkl , of T 7 descending from above are all preserved by Γ. Consequently, each of these product decompositions induces a pair of fibrations on the quotient T 7 / Γ -one with associative sub-orbifolds as fibers, the other with coassociative sub-orbifolds as fibers, and fibers from different fibrations in a same pair intersect each other transversely. Consider any such fibrations of T 7 / Γ . Since the singular set S of T 7 / Γ arises from the set of fixed T 3 of elements of Γ on T 7 and any latter T 3 is also of the form T 3 a ′ b ′ c ′ , which either transverse to all fibers or have empty intersection with most fibers, resolving S will lead to a fibration for M 7 . This fibration in general may not be associative/coassociative. However, if one lets the tubular neighborhood of S and the t-parameter involved in resolving S (cf. Sec. 1 and [Jo1]) to be small, then the fibration of M 7 thus obtained will be associative/coassociative except in a region that can be made arbitrarily small. In the limit, the singular Joyce space associative/coassociative fibred T 7 / Γ is recovered. For this reason, we shall call such fibration an asymptotically associative/coassociative fibration of M 7 , abbreviated as a.a./a.c. fibration. For Joyce manifolds of the second kind, one identifies C 3 × R with R 7 by the corre- 1234 are preserved by Γ, each of which descends to a pair of associative-coassociative foliations for (C 3 × R)/ Λ, Γ . In general these may not be realizable as a nice fibration. However, for most of the concrete examples given by Joyce in [Jo1] , the lattice Λ is decomposable into Λ abc ⊕ Λ ijkl , where Λ abc is a lattice in R 3 abc , Λ ijkl is a lattice in R 4 ijkl , and R 3 abc ⊕ R 4 ijkl is one of the admissible associativecoassociative product decomposition above. In this good case, an above decomposition descends to an Γ-invariant associative-coassociative product decomposition T 3 abc × T 4 ijkl for T 7 = R 7 / Λ . This then leads to an a.a./a.c. fibration for the Joyce manifold after resolving the singularity of (C 3 × R)/ Λ, Γ as in the case for Joyce manifolds of the first kind.
The associated bundles over orbifolds before resolving S.
Regard T 7 , either from R 7 / Z 7 for Joyce manifolds of the first kind or (C 3 × R)/ Λ for Joyce manifolds of the second kind, as the total space of the trivial bundle Y = Z × X associated to an admissible decomposition of R 7 listed above, with Z being the base and X the associative/coassociative fiber. Then Γ acts effectively on Y as a finite group of bundle automorphisms. This induces a Γ-action on the base Z. Let Γ 0 be the normal subgroup in Γ that consists of all the elements in Γ which acts trivially on Z. Then Γ 0 is contained in the stabilizer of every fiber of Y , after taking the quotient by Γ, one obtains a bundle π and the commutative diagram: Such 4-orbifold Q 4 can be described in terms of a flat T 2 -, A 2 -, or S 2 (2222)-fibrations over a toroidal 2-orbifolds with the exceptional fibers and the monodromy understood in exactly the same way we try to understand the more complicated bundle π. We shall come back to this at the end of this section. (Cf. Remark 2.1.4; also Examples 3.4 and 3.6 in Sec. 3.)
• For a.c. fibrations : Let T 3 = R 3 / Z 3 with coordinates (x, y, z), where x, y, z are in R/ Z . Then Q is the quotient of T 3 by one of the following abelian groups:
Such 3-orbifold Q 3 can be understood by choosing a fundamental domain Ω of the Γ abcaction on T 3 and examining how Γ abc acts on the boundary ∂Ω. (Cf. Examples 3.1 and 3.2 in Sec. 3.)
For Joyce manifolds of the second kind J(u, v, Λ), since the choice of Λ varies with (u, v), one no longer has general forms as above. However, once (u, v, Λ) is explicitly written down, the base orbifold Q of π can still be understood in the same way as in the case J(b 1 , b 2 , c 1 , c 3 , c 5 ). (Cf. Examples 3.5 and 3.6 in Sec. 3.)
The monodromy associated to π.
The flat connection on the trivial bundle Y = Z × X over Z induced from the product structure is Γ-invariant; hence it descends to a flat connection on the fibration π of Y / Γ over Q. Associated to this is a monodromy homomorphism ρ : π orb 1 (Q) → Aut (X/ Γ 0 ). For the Joyce manifolds under consideration, from the explicit expression of the Γ-action on Y following Sec. 1, any g in Γ acting on Y can be splitted into (g, g f ), where g acts on Z and g f acts on X; in other words, the Γ-action on Y is the diagonal action of (Γ, Γ f ), where Γ is the projection of the Γ-action on Y to Z and Γ f is the projection of the Γ-action on Y to X. Now recall from Sec. 1 that π orb 1 (Q) = Γ, Λ , one thus has
where g f is the automorphism on X/ Γ 0 induced from g acting on X. (Note that in general for this to be well-defined Γ 0 has to lie in the centralizer of Γ; in our problem Γ 0 can be nontrivial only when considering a.a./a.c. fibrations for Joyce manifolds of the first kind, in which case Γ is abelian. Thus g f is well-defined.) Without work, this determines ρ completely.
Remark 2.1.3. For physicists who feel less familiar with orbifold fundamental group π orb 1 (Q), one can also consider directly the monodromy ρ ′ on the usual π 1 (Q − Σ Q ) as follows. Let pr : Z → Q be the quotient map. Then pr : Z − pr −1 (Σ Q ) → Q − Σ Q is a regular covering map ( [Sp] ) since any two liftings of a closed loop in Q − Σ Q differ by a transformation via an element in Γ and hence must be either both closed or both open. This implies that pr
) is the group of deck transformations of pr, which is Γ/ Γ 0 by construction. Let ρ 0 : π 1 (Z − pr −1 (Σ Q )) → Aut (X/ Γ 0 ) be the monodromy homomorphism associated to the flat connection on Y and ρ ′ :
be the monodromy homomorphism associated to the flat connection on Y / Γ . Then in general we only know that ρ ′ is an extension of ρ 0 in the sense that ρ ′ • pr * = ρ 0 . In our case, ρ 0 is trivial since Y / Γ 0 is a trivial bundle. From the explicit expression of elements in Γ, one has a well-defined chain of group homomorphisms:
where  is the projection of the Γ/ Γ 0 -action on Y / Γ 0 = Z × (X/ Γ 0 ) to the X/ Γ 0 factor and Aut (X/ Γ 0 ) is the group of automorphisms of X/ Γ 0 . By construction, the homomorphism from π 1 (Q − Σ Q ) to Aut (X/ Γ 0 ) obtained by the composition of these homomorphisms coincides with the monodromy homomorphism ρ ′ . Recall from Sec. 1 the tautological homomorphism τ :
Joyce manifolds of the first kind, Γ is abelian; hence ρ ′ descends to and is determined by a homomorphism
When the underlying topology of Q is S 3 , as in many examples, H 1 (Q − Σ Q ; Z) is generated by the set C of meridians associated to real co-dimension 2 strata of Σ Q and hence
is generated by ρ ′ (C), which can be read off also directly from Γ p associated to points p that lie in these strata of Σ Q . 2
Remark 2.1.4 [Conway's notation, toroidal 2-orbifolds and the base of a.a. fibrations].
There are several ways to understand the base 4-orbifold Q 4 of an a.a. fibration π above. A most economic one is to borrow the above discussion for π and to regard Q itself as the total space of a flat bundle over a toroidal 2-orbifold Q 2 . For this and future reference, let us introduce the Conway's notation to label a 2-orbifold in terms of its underlying topology and the combinatorial structure of its singular locus.
Conway's notation : (Cf. [Th1] .)
• The default topology for the underlying space of a 2-orbifold is S 2 .
• Each n 1 n 2 · · · not preceded by a * indicates cone-points of order n 1 , n 2 , · · ·, that lie in the interior of the underlying topology.
• Each * n 1 n 2 · · · indicates a disk is removed from S 2 to form a silvered boundary with a string of corner-reflectors of order n 1 , n 2 , · · · sitting along.
• Additional topology is indicated by the symbol • . Before a | , • denotes a handle, while after | it denotes a cross-cap.
(Cf. Figure 2- 
Some 2-orbifolds Q 2 in the list together with a set of generators for π orb 1 (Q 2 ) represented by based-loops in Q 2 are illustrated in With these facilities, the base 4-orbifold Q 4 can be easily visualized. Let us illustrate this by an example. 3456 is parametrized by (x 3 , x 4 , x 5 , x 6 ) and Γ 3456 = α, β, γ , where is coded in the associated monodromy ρ 3456 34 , which can be read off directly from the above explicit expression of α, β, and γ: With some abuse of notations, let t 3 (x 3 , x 4 ) = (x 3 +1, x 4 ) and t 4 (x 3 , x 4 +1) be translations on R 2 34 ; then π orb 1 (Q 2 34 ) is generated by α, γ, t 3 , and t 4 . And ρ 3456 34 is determined by
Regard
The monodromy along the loop representing γ. Notice that the letter "R" on the front face of the S 2 (2222)-fiber over * is sent to the back face after the round trip along γ.
The same method can also be applied to understand an exceptional fiber of an a.c. fibration. This concludes the remark. 
Adjustment to the fibration and the monodromy after resolving S.
So far the discussion has been centered around the toroidal orbifold T 7 / Γ . To relate it to the Joyce manifold M 7 obtained by resolving the singular locus S of T 7 / Γ , one needs to understand the effect to π when resolving S. This can be accomplished by understanding
(1) how components of S sit in T 7 / Γ over Q, which gives the information of how components in S intersect the fibers of π, and (2) the restriction of the exceptional locus to a fiber when resolving S, which gives the information of the new fiber after resolving S.
Adjustments to the base Q and the monodromy ρ will then follow. For such fibrations, Y = Z × X with Z = T 4 , X = T 3 , and Γ 0 is always trivial. Hence the generic fiber of π is always T 3 and the singular set S has to lie over the singular locus Σ Q of Q. Consider now what happens to the fibers of π when resolving S. Since a generic fiber does not intersect S, resolving S does not affect it. Let F p now be a fiber over a point p in Σ Q and S 0 be a component of S. Let F p , S 0 be a connected component of their respective preimage in Y . Then F p is one of
Together with the local models (a) and (b) of ν(S 0 ) described in Sec. 1, one concludes that the possible F p ∩ S 0 and the effect to F p when resolving S 0 can only be one of the following:
• F p ∩ S 0 empty : No effect on F p when resolving S 0 .
• F p ∩ S 0 = some disjoint n copies of T 1 : After resolving S 0 , the new fiber F ′ p at p becomes F p ∪ n T 1 × CP 1 with normal crossing singularities along F p ∩ S 0 .
• F p = S 0 : Then p is an isolated A 1 -singularity of Q and resolving S 0 changes the
Recall that a fiber of T * CP 1 here is regarded as a subcone C/ −1 in C 2 / −1 and the union of their Z 2 -cone points form the exceptional locus E of the resolution, which is the 0-section of T * CP 1 . Thus, after resolving S 0 , Q is changed to a new orbifold Q ′ with singular locus Σ Q ′ = (Σ Q − {p}) ∪ E, where Γ p = Z 2 for p ∈ E. The associated new fibration inherited from π is the product ν(p) × T 3 over ν(p).
• F p ∩ S 0 = some disjoint n copies of
and the induced Z 2 -action on the set of lifted T 1 in T 3 × (C 2 / −1 ) can only be either free or trivial. In the former case, the new fiber F ′ p at p after resolving S 0 becomes F p ∪ n T 1 × CP 1 with normal crossing singularities along F p ∩ S 0 , while in the latter case it becomes F p ∪ n (T 1 × CP 1 )/ Z 2 with normal crossing singularities along F p ∩ S 0 .
• F p = S 0 : In this case F p is the fiber over (0, 0) in the natural T 3 -fibration of
, where the Z 2 acts on C 2 either holomorphically, as generated by (z 1 , z 2 ) → (z 1 , −z 2 ), or antiholomorphically, as generated by (z 1 , z 2 ) → (z 1 , z 2 ), following the holomorphicity of the Z 2 -action on T 3 × (C 2 / −1 ). Let us consider these two cases separately:
, which is isomorphic to the neighborhood of a double point in a complex curve. Γ p = Z 2 for p regular point of Σ Q ∩ ν(p) and = −1 ⊕ Z 2 for p the double point. The fiber over Σ Q ∩ ν(p) is T 3 / Z 2 . When S 0 is resolved, the base Q is changed to a new Q ′ with ν(p) resolved to ν(p) = T * CP 1 / Z 2 . The exceptional locus E of the resolution is CP 1 / Z 2 , where CP 1 = C ∪ {∞} is the 0-section of T * CP 1 parametrized by z and the Z 2 -action is generated by z → −z. Since the locus {z 1 z 2 = 0} selects two complex lines in T (0,0) C 2 that are inequivalent under the −1 ⊕ Z 2 -action, the new singular locus Σ Q ′ is the union of the resolution of Σ Q at the double point by normalization and the new component E as in Figure 2 -3 (i).
, whose topology is still the same as a neighborhood of a double point in a complex curve. Γ p = Z 2 for p regular point of Σ Q ∩ ν(p) and = −1 ⊕Z 2 for p the double point. The fiber over
is resolved, the base Q is changed to Q ′ with ν(p) resolved to ν(p) = T * CP 1 / Z 2 .
The exceptional locus E of the resolution is CP 1 / Z 2 , where CP 1 = C ∪ {∞} is the 0-section of T * CP 1 parametrized by z and the Z 2 -action is generated by z → z. The locus C now selects an S 1 -family of complex lines in T (0,0) C 2 that are inequivalent under the −1 ⊕ Z 2 -action; hence, the new singular locus Σ Q ′ is the union of the resolution of Σ Q at the double point by tubing and the new component E in Figure 2-3 (ii). Γ p = Z 2 for p in the interior of E and = −1 ⊕ Z 2 for p in its boundary. (Intrinsically E is a silvered 2-disk D 2 ( * ).) For such fibrations, Y = Z × X with Z = T 3 and X = T 4 . One can check that there are two cases:
(1) Γ 0 = 0 : In this case Y / Γ is a T 4 -fibration over Q and S lies over Σ Q .
(2) Γ 0 = g = Z 2 for some g in Γ : In this case g acts on X = T 4 by negation and the generic fiber of the fibration π : Y / Γ → Q = Z/ Γ is the singular K3 surface X/ g . The components of S that are associated to the fixed 3-tori of g now appear as multi-sections of π while all other components of S must sit over Σ Q .
Let us now consider what happens to a fiber of π when resolving S. Consider first the special components of S that come from the fixed 3-tori of g in Case (2) above. Since their preimages in Y are transverse to X, they are transverse to all fibers in Y / Γ . Conversely, if a componnet T 3 of S is transverse to some fiber, then its preimage in Y must be transverse to X and hence must come from a fixed T 3 of g. Thus they accounts for all the isolated singularities in a fiber -generic or exceptional alike -of π.
Resolving such components of S will resolve simultaneously all the isolated singularities in fibers and, hence, leads to a K3-fibration for the Joyce manifold M 7 .
For all other components of S, let F p be a fiber of π over p and S 0 be a component of S that lies over Σ Q . Let F p , S 0 be a connected component of their respective preimage in Y . A similar consideration as in the discussion for a.a. fibrations implies that F p is a coordinate T 4 , S 0 is a coordinate T 3 , and their intersection can only be either empty or a T 2 ij . Together with the local model (a) and (b) of ν(S 0 ) described in Sec. 1, one concludes that the possible connected component of F p ∩ S 0 and the effect to F p when resolving S 0 can only be one of the following:
• F p ∩ S 0 = some disjoint n copies of T 2 : After resolving S 0 , the new fiber F ′ p at p becomes F p ∪ n T 2 × CP 1 with normal crossing singularities along
and the induced Z 2 -action on the set of lifted T 2 in T 3 × (C 2 / −1 ) is either free or trivial. In the former case, the new fiber F ′ p at p after resolving S 0 becomes F p ∪ n T 2 × CP 1 with normal crossing singularities along F p ∩ S 0 , while in the latter case it becomes F p ∪ n (T 2 ×CP 1 )/ Z 2 with normal crossing singularities along F p ∩S 0 .
a.a./a.c. fibrations for Joyce manifolds of the second kind.
For such fibrations, Γ 0 is always trivial. The singular set S of Y / Γ sits over Σ Q . From Sec. 1, the tubular neighborhood ν(S 0 ) of a component S 0 of S is always homeomorphic to T 3 × (C 2 / −1 ); thus, if a fiber F p happens to be some S 0 in an a.a. fibration π, resolving S 0 changes Q to Q ′ obtained by blowing up Q at p. Other possible intersections of F p and S 0 and the effect to F p when resolving S 0 are similar to the discussion for Joyce manifolds of the first kind. For such Joyce manifold, an a.a. fibration is a T 3 -fibration and an a.c.
fibration is a T 4 -fibration.
Adjustment to the monodromy.
Let π : M 7 → Q be the induced fibration from π : Y / Γ → Q after resolving S. Then the flat connection on π can be lifted to a flat connection on π. (For π a K3-fibration, see more details below.) Let ρ be the associated monodromy of π.
(i) When π is an a.a. fibration :
Both π and π are T 3 -fibrations. When π contains no component of S as a fiber, then Q = Q and the restriction of π to Q − Σ Q coincides with the restriction of π to Q − Σ Q . Thus ρ = ρ.
On the other hand, if π contains some components of S as fibers, then one has a resolution r : Q → Q as discussed earlier. Since the restriction of π to Q − Σ Q still coincides with the restriction of π to Q − Σ Q , ρ = ρ • r * , where r * : π orb 1 ( Q) → π orb 1 (Q) is the induced homomorphism of r.
Remark 2.2.1. From the local model of ν(S), the monodromy along a meridian C associated to an exceptional locus E in Σ Q of the resolution r above is always trivial since C is homologous to the unit circle in a fiber of T * CP 1 and the fibration is trivial when restricted thereover.
(ii) When π is an a.c. fibration :
For such fibration, Q and Q are always the same. If Γ 0 = {0}, then both π and π are T 4 -fibrations and the restriction of π to Q − Σ Q coincides with the restriction of π to Q − Σ Q . Thus ρ = ρ.
On the other hand, if Γ 0 = Z 2 , then resolving S -though does not change the base Q -alters the generic fiber from a toroidal 4-orbifold to a smooth K3 surface via the resolution of A 1 -singularities f : X/ −1 → X/ −1 . However, from Sec. 1, as bundle automorphisms of Y over Z, elements in Γ restricted to fibers are either holomorphic or anti-holomorphic. Thus Γ can be lifted to a group of bundle automorphisms of Y ′ = Z × X over Z, where X is the blow up of X at the fixed points of Γ 0 . The flat connection on Y ′ induces then a flat connection on π which is compatible with the flat connection on Y / Γ under the resolution M 7 → Y / Γ that resolves S; hence ρ is a lifting of ρ. Indeed, if one recalls Remark 2.1.3, then since any map in (Γ/ Γ 0 ) is either holomorphic or antiholomorphic and the resolution X/ −1 → X/ −1 is through blowups, (Γ/ Γ 0 ) is liftable in a unique way into Aut ( X/ −1 ), which gives the monodromy ρ of π. This concludes our general discussions for the a.a./a.c. fibrations of a Joyce manifold.
3 Examples in the 5-step-routine.
The discussion in Sec. 2 suggests a 5-step-routine to understand the a.a./a.c. fibrations of any given Joyce manifold. In this section, we choose J(0, 567 is a Euclidean 3-orbifold whose underlying topology is S 3 and whose singular locus Σ Q is the 1-skeleton of a 3-cube. The group Γ p associated to an interior point p of each edge of Σ Q is Z 2 -generated by βγ, γ, or β, depending on whether the edge is parallel to x 5 -, x 6 -, or x 7 -axis respectively -and to each vertex Z 2 ⊕Z 2 = β, γ . (Figure 3-1-1 .)
Figure 3-1-1. After the identification of ∂Ω governed by β, γ , one obtains the Euclidean orbifold Q 3 567 with underlying topology S 3 and singular locus Σ Q the 1-skeleton of a 3-cube.
(ii) The fibers : Γ 0 = Z 2 = α in this example. The fiber F p of the fibration π 567 over a point p in Q 3 567 is listed below:
which is a singular K3 surface with 16 A 1 -singularities.
• For p an interior point of an edge of Σ Q , Γ p is α, βγ , α, γ , or α, β , depending on whether the edge is parallel to x 5 -, x 6 -, or x 7 -axis respectively. Thus F p = X e is the (isomorphic) Z 2 -quotient X 0 / βγ , X 0 / γ , or X 0 / β accordingly, where it is understood that, e.g.
Such F p has multiplicity 2.
• For p a vertex of Σ Q , Γ p = Γ. Thus F p = X v = X 0 / β, γ , which has multiplicity 4.
These exceptional fibers have various realizations as a T 2 -bundle over toroidal 2-orbifolds as demonstrated by the example in Remark 2.1.4.
(iii) How S sits over Q 3 567 : By inspection, how the 12 components of S sit in T 7 / Γ with respect to π 567 is listed below:
• Since Γ 0 = α , the 4 T 3 of S that descend from the 16 fixed T 3 of α become 4 disjoint multi-sections σ i , i = 1, . . . , 4, of π 567 . The union ∪ i σ i contains exactly the isolated singularities of fibers F p .
• The 4 T 3 from the fixed 3-tori of β are mapped under π 567 onto the 4 edges of Σ Q that are parallel to the x 7 -axis with one T 3 to one edge; and similarly for the other 4 T 3 from the fixed 3-tori of γ to the edges of Σ Q that are parallel to x 6 -axis. Up to permutations of coordinates, the restriction of π 567 to each of these T 3 is of the
, Figure 3 -1-2. How the components of S sit over Σ Q is indicated.
(iv) Adjustment after resolving S : Following Sec. 2.2, after resolving S, one has a fibration π 567 of M 7 over Q 3 567 with generic fiber X 0 , which is a smooth K3 surface, and exceptional fibers:
• X e over the interior of the edges of Σ Q parallel to x 5 , which is a smooth Z 2 -quotient of X 0 ;
• X e ∪ 2 T 2 × CP 1 over the interior of other edges of Σ Q ;
(v) Monodromy : From Sec. 2, the monodromy of π 567 is determined by a representation ρ from H 1 (Q 3 567 − Σ Q ; Z) to Aut (X 0 ). Since Q 3 567 − Σ Q is homeomorphic to the complement of the bouquet ∨ 5 S 1 of five circles in S 3 , H 1 (Q 3 567 −Σ Q ; Z) = Z 5 , whose generators may be chosen to be the meridians C 5,1 , C 5,2 , C 6,1 , C 6,2 , and C 6,3 as indicated in Figure 3-1-3 . One then has ρ(C 5,i ) = (βγ) for i = 1, 2, and ρ(C 6,i ) = (γ) for i = 1, 2, 3. Figure 3-1-3. The set of generating cycles { C 5,1 , C 5,2 , C 6,1 , C 6,2 , C 6,3 } for H 1 (Q 3 567 − Σ Q ; Z) are indicated by thick loops.
This concludes the example. . One then has the fibration π 347 : T 7 / Γ → Q 3 347 , where Q 3 347 is the orbifold T 3 347 / α, γ with α(x 3 , x 4 , x 7 ) = (−x 3 , −x 4 , x 7 ) and γ(x 3 , x 4 , x 7 ) = ( 347 is an Euclidean 3-orbifold whose underlying topology is S 3 and whose singular locus Σ Q is a doubled Hopf link, which has 4 components: S 1 4,1 and S 1 4,2 parallel to the x 4 -axis, and S 1 7,1 and S 1 7,2 parallel to the x 7 -axis. For p in S 1 4,i , Σ p = γ ; and, for p in S 1 7,i , Σ p = α . ( (ii) The fibers : In this example, Γ 0 = Z 2 = β . The fiber F p of the fibration π 347 over a point p in Q 3 347 is listed below:
, which is a singular K3 surface with 16 A 1 -singularity.
• For p in S 1 4,i (resp. S 1 7,i ), Γ p is β, γ (resp. α, β ). Thus F p = X e is the (isomorphic) Z 2 -quotient X 0 / γ or X 0 / α accordingly, (iii) How S sits over Q 3 347 : • The 4 T 3 of S that descend from the 16 fixed T 3 of β become 4 disjoint multi-sections σ i , i = 1, . . . , 4, of π 347 . The union ∪ i σ i contains exactly the isolated singularities of fibers F p .
• Two of the 4 T 3 in S from the fixed 3-tori of α are mapped onto S 1 7,1 under π 347 and the other two onto S 1 7,2 . Similarly for the 4 T 3 in S from the fixed 3-tori of γ: two onto S 1 4,1 and two onto S 1 4,2 . The restriction of π 347 to each of these T 3 is simply a standard projection of T 3 to T 1 .
(iv) Adjustment after resolving S : After resolving S, one obtains a different K3-fibration for the same M 7 in Example 3.1: π 347 : M 7 → Q 3 347 . Its set of critical values is Σ Q and its degenerate fiber is X e ∪ 2 T 2 × CP 1 .
(v) Monodromy : For monodromy ρ :
is generated by the meridians C 4,1 , C 4,2 , C 7,1 , and C 7,2 associated to S 1 4,1 , S 1 4,2 , S 1 7,1 , and S 1 7,2 respectively, as indicated in Figure 3 The set of generating cycles { C 4,1 , C 4,2 , C 7,1 , C 7,2 } for H 1 (Q 3 347 − Σ Q ; Z) are indicated by thick loops.
This concludes the example. 
, and γ(x 1 , x 2 , x 7 ) = ( 127 is an Euclidean 3-orbifold whose underlying topology is S 3 and whose singular locus Σ Q is a doubled Hopf link, which has 4 components: S 1 2,1 and S 1 2,2 parallel to the x 2 -axis, and S 1 7,α and S 1 7,β parallel to the x 7 -axis. For p in S 1 2,i , Σ p = γ ; for p in S 1 7,α , Σ p = α ; and, for p in S 1 7,β , Σ p = β . (Figure 3-3-1.) (ii) The fibers : In this example, Γ 0 = {0}. The fiber F p of the fibration π 127 over a point p in Q 3 127 is listed below:
3456 .
• For p in S 1 2,i (resp. S 1 7,α , S 1 7,β ), Γ p is γ (resp. α , β ). Thus F p is the Z 2 -quotient X/ γ (resp. X/ α , X/ β ). They are all isomorphic to X e = S 2 (2222) × T 2 . (iv) Adjustment after resolving S : After resolving S, one obtains T 4 -fibration for the same M 7 in Example 3.1: π 127 : M 7 → Q 3 127 . Its set of critical values is Σ Q and its degenerate fiber is X e ∪ 4 T 2 × CP 1 .
is generated by the meridians C 2,1 , C 2,2 , C 7,α , and C 7,β associated to S 1 2,1 , S 1 2,2 , S 1 7,α , and S 1 7,β respectively (cf. Figures 3-2-2 and 3-3-1). One thus has ρ(C 2,i ) = (γ), i = 1, 2, ρ(C 7,α ) = (α), and ρ(C 7,β ) = (β).
This concludes the example. .) The monodromy ρ 1234
12
:
, and ρ 1234 12 (β) = ρ 1234 12 (t 1 ) = ρ 1234 12 (t 2 ) = Id .
In terms of π 1234 12 , the Σ Q sits in Q 4 1234 as illustrated in Figure 3 -4-1. (ii) The fibers :
567 .
• For p ∈ {q 1 , q 2 , q 3 , q 4 }, Γ p = α ; thus F p = T 3 567 / α = T 3 567 , a regular fiber.
• For p ∈ T (v) Monodromy : Let t i be the translation of x i in R by 1; then π orb 1 (Q 4 1234 ) = α, β, γ; t 1 , t 2 , t 3 , t 4 and ρ = ρ • r * :
, and
where z 1 = x 1 + ix 2 , z 2 = x 3 + ix 4 , z 3 = x 5 + ix 6 , x = x 7 ; and
From [Jo1] (II), the quotient T 7 / Γ has a singular set S of A 1 -singularities that consists of 4 disjoint copies T 3 : 2 copies arising from the fixed T 3 of any element in Γ conjugate to β and another 2 copies arising from the fixed T 3 of any element in Γ conjugate to βα. 
is parametrized by (z 1 , x) and
is parametrized by (z 2 , z 3 ). One then has the fibration π 127 : T 7 / Γ → Q 3 127 , where Q 3 127 is the orbifold T 24 }) to be {u 1 , u 2 }, where u 1 corresponds to the path in C from 0 to 1 and u 2 from 0 to e 2πi/3 , and using the Van Kampen's theorem [Sp] , one obtains that
, which is {1}. Thus, if one assumes that the Poincare conjecture is correct, then M 3 is an S 3 and Σ Q is a two-component link in S 3 . Though one may try to push on to gain more information on Q 3 127 , we shall now turn to the second method.
The second method is due to the observation that, for the current example, if one identifies (z 1 , x) in T The unit tangent bundle Q 3 = T 1 Q 2 of a 2-orbifold Q 2 = D 2 (m 1 · · · m l * n 1 · · · n k ) and its singular locus Σ Q . Σ p = Z 2 for p ∈ Σ Q . Notice that, though the cone-points of Q 2 influence the bundle structure of Q 3 , they play no role in determining Σ Q as a link in S 3 .
Thus Q 3 127 = T 1 D 2 ( * 236) has the underlying topology S 3 and Σ Q as in Figure 3 -5-3, which is a two-component link. To see which component is S 1 β and which component is S 1 αβ , recall from Sec. 1 that, up to an overall conjugation by Γ, one has subgroups Γ (2) , Γ (3) , and Γ (6) in Γ associated to the corner reflectors labelled in Figure 3 -5-3 by (2), (3), and (6) resplectively and subgroups Γ (23) , Σ (26) , and Σ (36) in Γ associated to points in the silvered edge of D 2 ( * 236) that connects corner reflectors {(2), (3)}, {(3), (6)}, and {(2), (6)} respectively. One can check directly that Γ (23) and Γ (36) conjugate in Γ (3) and both are conjugate to β in Γ while Γ (26) is conjugate to αβ . Consequently, in Figure  3 -5-3, K 1 corresponds to S 1 β while K 2 corresponds to S 1 αβ .
(ii) The fibers :
• For p in Q 3 127 − Σ Q , F p = X = T 4 3456 .
• For p in S 1 β , Σ p = β ; hence, F p = T 4 3456 / β . For p in S 1 αβ , Σ p = αβ ; hence, F p = T 4 3456 / αβ . These fibers are isomorphic and will be denotes by F e . They have multiplicity 2 and can be realized as a T 2 -bundle over a toroidal 2-orbifold. (iii) How S sits : Under π 127 , the 2 copies of T 3 in S associated to β are mapped onto S 1 β , while the other 2 copies of T 3 in S are mapped onto S 1 αβ . All these maps are standard projections.
(iv) Adjustment after resolving S : After resolving S, one obtains a T 4 -fibration: π 127 : M 7 → Q 3 127 . Its set of critical values is Σ Q and its exceptional fiber is X e ∪ 2 T 2 × CP 1 .
(v) Monodromy : Let u 1 (z 1 , x) = (z 1 + 1, x), u 2 (z 1 , x) = (z 1 + e 2πi/3 , x), and t 7 (z 1 , x) = (z 1 , x + 1); then π We hope these examples are enough to demonstrate the method (cf. Sec. 5, Issue (1)).
